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Finite element model correction of quadratic eigenvalue problems (QEPs) using a symmetric eigenstructure
assignment technique was proposed by Zimmerman and Widengren (Zimmerman, D., and Widengren, M., “Cor-
recting Finite Element Models Using a Symmetric Eigenstructure Assignment Technique,” AIAA Journal, Vol. 28,
No. 9, 1990, pp. 1670-1676) and incorporates the measured model data into the finite element model to produce
an adjusted finite element model on the damping and stiffness matrices that matches the experimental model data
and minimizes the distance between the analytical and corrected models. Slightly different from the cost function
proposed by Zimmerman and Widengren, based on the penalty function given by Friswell et al. (Friswell, M. 1.,
Inman, D. J., and Pilkey, D. ., “Direct Updating of Damping and Stiffness Matrices,” AIAA Journal, Vol. 36, No. 3,
1998, pp. 491-493), a cost function is considered that which measures the distance between the analytical and
corrected models in a least-squares sense. An efficient algorithm is developed to solve the corresponding optimiza-
tion problem. The resulting matrices obtained by the new method are necessary and sufficient to the optimization
problem. Furthermore, the computational cost of the proposed algorithm requires only O(nm?) floating-point
operations, where  is the size of coefficient matrices of the QEP and m is the number of the measured modes. The
numerical results show that the new method is reliable and attractive.

Nomenclature

see Eq. (41a); m x m

new control influence matrix, n x m

actuator influence matrix, n x m

submatrix of B consisting of the 1-mth rows
and all columns

see Eq. (41b); m x 1

output influence matrices, r X n

adjusted damping matrix, n X n

damping matrix of the original finite element
method (FEM) model, n x n

adjusted damping matrix from Ref. 4, n x n
pseudocontrol matrix for derivatives, m x m
pseudocontrol matrix for states, m x m

V-1

adjusted stiffness matrix, n x n

stiffness matrix of the original FEM

model, n x n

adjusted stiffness matrix from Ref. 4, n x n
feedback gain matrix, m x r

adjusted mass matrix, n X n

mass matrix of the original FEM model, n x n
number of control actuators, r

orthogonal matrix, n X n

weight factor

upper triangular matrix, m X m

number of sensor outputs, r
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S = RAR ' mxm

SR> = set of all symmetric matrices, m x m

T = upper triangular matrix, m x m

u = control vector, m x 1

Wi = see Eq. 25);m xm

Wo, = seeEq. (24); (n —m) xm

w = position vector, n x 1

x = solution of linear system, m x 1

y = output vector, r x 1

Z( :m,j) = jthsubcolumn of matrix Z consisting
of the first to mth components

zZG, ) = jth column of matrix Z

r; = see Eq. (38a); m xm

A = diagonal block eigenvalue matrix; see Eq. (11a)

A = eigenvalues of quadratic element problem (QEP)

X = see Eq. (38b); m xm

P = eigenvector matrix; see Eq. (11b)

@ = eigenvectors of QEP, n x 1

Q = see Eq. (16); m xm

v = gradient of a function

II'le = Frobenius norm

Superscripts

17-_1 = conjugate and transpose

transpose
differentiation with respect to time

1. Introduction

DISCRETIZATION of vibrating systems with feedback con-
trols by the finite element method leads to an analytical second-
order system

MW + Do + K.w = Bou (1)

where M,, D,, and K, € R"*" are all symmetric with M, being
symmetric positive definite (M, > 0) and represent the mass, damp-
ing, and stiffness, respectively, w is the n x 1 vector of positions,
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By is the n x m actuator influence matrix, u is the m x 1 vector
of control force, and the overdots represent differentiation with re-
spect to time. In addition, the r x 1 output vector y of the sensor
measurement is given by

y=Cow+Ciw 2
The control law is taken to be a general linear output feedback
u=Ly 3)

The finite element model in structured dynamics in detail may be
found by Friswell and Mottershead.'

It is shown in Ref. 2 that if the system described by Egs. (1) and
(2) is controllable and observable, then by adequate selection of L,
the closed-loop system

M% + (D, — ByLC)W + (K, — BoLCo)w = 0 )

has max(m, r) assigned eigenvalues and has max(m, r) partially
assigned eigenvectors with min(m, r) entries in each eigenvector
being arbitrarily assigned. Here, max(m, r) and min(m, r) take the
maximal and minimal values between m and r, respectively.

Finite element model correction or updating has emerged in the
1990s as a significant subject for the design, construction, and main-
tenance of mechanical systems."* Finite element model correction
of the closed-loop system (4) using a symmetric eigenstructure as-
signment was proposed in Refs. 4 and 5. The method incorporates
the measured model data into the finite element model to produce an
adjusted finite element model on damping and stiffness with sym-
metric low-rank updating that matches the experimental model data.
With the equal numbers of pseudosensors and pseudoactuators, that
is, r =m, the concept presented in Refs. 4 and 5 is to design a
new influence matrix B € R" "™ and pseudocontrollers F = F " and
G = GT e R"*" with the feedback controllers in Eq. (4) having the
symmetric low-rank updating forms

ByLC, = BFB', ByLCy = BGB” 5)

such that the new closed-loop system
Mw + Dw+ Kw =0 (6a)
where
K =K, — BGB'
(6b)

M=M, >0, D=D,— BFB',

matches the partially assigned closed-loop eigenvalues and eigen-
vectors that are determined experimentally.

To solve the homogeneous second-order system Eq. (6) is known
as to solve the quadratic eigenvalue problem (QEP),

AWM 4+21D+K)p =0 (7

by letting w = e* o in Eq. (6a), where A € C and ¢ € C" are eigen-
values and eigenvectors of QEP, respectively.

Based on the concept in Ref. 4, we now formulate the inverse
QEPs associated with Egs. (5) and (6) as follows.

Problem I: Given M, =M >0, D,=D], K,=K] and the
measured eigenmatrix pair (A, ®)eR"*"™ xR"*™, find Be
R**" F=FT and G=GTeR"*" such that

MOA>+ DOPA+ KD =0 (8)

where M =M,, D=D,— BFB",and K =K, — BGB'.

Note that other studies in the works by Datta,® Datta et al.,” Datta
and Sarkissian,® and Lin and Wang® lead to a partial eigenstructure
assignment for the QEP which is taken as a nonsymmetric feedback
design problem for the second-order control system.

Problem 2: Let

S = {(B,F, G) e R"*M x SR™*M

x SR"*"|(B, F, G) solves problem 1}
and g = | Dy /I K, | Solve the optimization problem

min{J, = | BFBT|. +¢*| BGBT||(B.F.G) e S}  (9)

Remark: The cost function J, of problem (9) in a least-squares
sense is slightly different from the cost function J, = || BFBT||p +
q||BGB' || proposed in Ref. 4, which did not square the norms of
stiffness and damping perturbations. However, as shown in Ref. 4,
the optimization problem for J; cannot be solved explicitly. To find
an explicit form of the unique solution for the optimization problem
(9), we borrow the penalty function in Ref. 10 that which is given
by

J =D =D} + ulK — Kll7 (10)

Note that the optimums of min{J;} and min{J,} are not necessarily
equal; however, from mathematical viewpoint, two measures, J;
and J,, are equivalent, that is, there are constants ¢ >0 and d >0
such that ¢ J; < /J, <dJ,.

The methods proposed by Friswell et al.'” and improved by Kuo
et al.!! are to find symmetric damping D and stiffness K that
minimize the penalty function J in Eq. (10), and satisfy Eq. (8).
Zimmerman and Widengren* and Zimmerman and Kaouk'? devel-
oped algorithms to solve problems 1 and 2 that require solving a
generalized algebraic Riccati equation and several linear systems.
However, the computed F and G are only the necessary but not suf-
ficient condition for the symmetric low-rank correction in Eq. (5).
The purpose of this paper is to develop efficient algorithms to solve
problems 1 and 2 that requires only O(nm?) floating-point opera-
tions (FLOPS). Furthermore, the resulting matrices obtained by the
new method are necessary and sufficient to problems 1 and 2.

II. Solving a Partially Described Inverse QEP

To match the partial measured data of the spectrum information
of a QEP, we consider solving the partially described inverse QEP
(PD-IQEP).

Let (A, ®) e R"*™ x R"*™(m <n) be a given pair of matrices,
where

A =diag(AP, AP M ) (11a)

with
.
A _ [_f ﬁ’}, B #0

forj=1,...,¢, and

@ =[Pigs Pirs s Pers Per> Paes 1>+ Pl (11b)

Note that the eigenvalues of A[,.z] are just the complex conjugate pair
o; £+ B;j1(1 =./—1). Suppose that A has only simple eigenvalues
and @ is of full column rank. Find a general form of symmetric
matrices M, D, and K, with M being symmetric positive definite,
that satisfy the equation

M®A?+ DOA+KP =0 (12)

Let ® have the QR factorization

R R
¢:Q|:O]E[Q1,Q2]|:Oi| (13)

where Q e R"*" is orthogonal with Q; e R"*™ and ReR"*" is
nonsingular. Partition Q"M Q, Q"D Q, and Q7K Q by

M” M12 T Dll Dl2
0'™MQ = ., 0'po=
M21 M22 D21 D22

(14)

0TKQ = [Kll K12j|

K> Kp

where My, D;;, and K;; e R">*"™,
A general solution of symmetric M, D, and K, with M being
symmetric positive definite, is given by the theorem in Ref. 13.



KUO, LIN, AND XU 2595

Theorem I (Ref. 13): For a given matrix pair (A, ®) asinEq. (11),
the general solution of PD-IQEP is given by

M, : arbitrary fixed symmetric positive definite matrix (15a)

Dy =—(M;S+S™™; + RTQR™) (15b)
Ky =8S"M,S+ R TQAR™! (15¢)
Ky = K|, = —(My 5% + Dy, S) (15d)

where S=RAR™! and

Q:diag([sl ”1],...,[5‘ ”‘]guﬂ,...,gm) (16)
m —& ne —&

in which & and n; are arbltrary real numbers. Furthermore,
My = Mlz, D, = Dlz, Dy = D22, and Ky = K22 are chosen
arbitrarily, and My, = ME is chosen so that M,, — M21M11 M, is
symmetric positive definite.

III. Solving Problem 1

In this section, we shall develop an efficient algorithm for
solving problem 1 described in the Introduction. Let (A, ®) €
R™*™ x R" "™ be given in Eq. (11) with QR factorization of ®
in Eq. (13). According to the partition of Eq. (14) and letting

D T é] N mxm
B=Q'B=| . |, B eR 17
B,
Egs. (6b) can be written as
0’0 =0"D,0 - BFBT (18)
0'KQ=0"K,0 - BGB" (19)

By Theorem 1, and from Egs. (13-15) and (17), Egs. (18) and (19),
respectively, become

—M;;S—S™M; —RTQR™" Dj] 0D,Q1 Q[D.Q>
D5, D, 0ID,Q: Q]D,0»

_ [?1 ] F[BI. B]] (20)

|:STM11S+RTQAR1 —(M21S2+D215)T]

— (M3 S + Dy S) K»

e K, 3 Lo
QzKaQI QzKaQ2

where M| = QITM,, 0, and M, = QzTMa Q. Comparing blocks in
Eqgs. (20) and (21), respectively, we get

B FB =M\S+S™M, + RTQR' +0D,0, (22a)
B,FBT = —Dy + QID,0, (22b)

ByFB] = —Dyn+ 0]D.Q, (22¢)

B/GBT = —5"™M,S — R"TQAR™' + 07K, 0, (23a)
B,GB] = My S* + D, S + 0K, 0, (23b)

B,GB] = —K»n + 01K, 0> (23¢)

Substituting Eq. (22b) into Eq. (23b), we have

(0]D.01)S + Q]K, 0
= Wy 24)

By(GB] + FB[S) = My $* +

Multiplying Eq. (22a) by S from the right and adding the result to
Eq. (23a), we get
B(GB] + FB]S) = M;;$* + (Q]D,0,)S + 0[K, 0,

= W]] (25)

Hereafter, we assume that Wy, is nonsingular. It is easy to derive
that

Wi =R T[®" (M, ®A* + D, A + K, )| R
and hence, requiring W;, to be nonsingular amounts to requiring

ST (M, ®A*+ D, ®A + K,®) to be nonsingular (H). It follows
from Eq. (25) that B is invertible, and hence, we have

GBI + FB]S = B{'w,, (26)
Substituting Eq. (26) into Eq. (24), we get
By = Wy W' B, @7)
This, together with Egs. (22a) and (23a), gives rise to the following
result.
Theorem 2: Given M, = MaT> 0, D,= DaT, K,= KaT, and the

eigenmatrix pair (A, ®) e R"*™ x R"*™, assume that () holds.
Then problem 1 is solvable with

B,
B — A eRnxm
F=B"(M\S+S"My+R QR + Q,TDan)E’l‘T e R X

G =B (-S"MyS — RTTQAR™ + 07K, Q1) BT e R"*"

where B, € R"*™ is arbitrary and nonsingular, B, is given by
Eq. (27), W5, and Wy, are given in Eqgs. (24) and (25), respectively,
and 2 is given by Eq. (16).

IV. Solving Problem 2

Assume that (H) holds, Let (B,F,G)eS and let J=
IBFBT|% +4 ||BGBT||2,Awhere 4 =1D, /I, || Then, by
Theorem 2, it follows that BzB’ = Wy Wﬁ = W, which is inde-
pendent of the choice of By, and hence,

[ e [

= 115“1WT2 IGIWT
= W [1,W'] W [1,W']

+ q2
is independent of the choice of él, where

2

F

2
(28)

F F

F=M S+SM,+R QR+ 0/D, 0,  (29a)

G=-S"M,S— R TQAR™ + 0K, 0, (29b)

Let QZ eR"~m>x@=m pe an orthogonal matrix, such that

0,WR T = [ﬂ (30)
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where T is upper triangular. Define 0,W =W and

I . F, F)
|:Wi|(M115+STM11+Q1TDaQ1)[1, WT]E[ ! 2‘] (3la)

21 22

I . G GJ,
[W}(STMI.S—QIKQQI)[I,WT]E[ i 2‘} (31b)

21 22

Then, the optimization problem (9) is equivalent to

min = | Ay + RTQRTT|% + 2| Gu + RTQAR

T —1
F + 0 QR

r T
F22+|: 0 :| Q[T’, 0]

2

+24°
.

2
+2‘

T —1
Gy + 0 QAR

F
2

+ q2
F

2
—+

T T
Gt | ) [RAIT.0]

F
(32
where €2 is the undetermined block diagonal as in Eq. (16). Let

X =&, 010 s &0 0o Erets e Eml” (33)

corresponding to the matrix 2 in Eq. (16). Then, Eq. (32) can be
rewritten as

min = f(x) + 2g(x) 4 A(x) (34)
where
2 2
f@=|Fu+RTQR| +¢*|Gn+RTATQR™|, (35a)
T —1 ? 2 T T —1 ?
gx) = || Fn + QR +q° |G + A'QR
0 0
F F
(35b)
2
T T
h(x) = |F»n+ |: ]Q[T ,0]
O F
T 2
+q° H Gn+ [0 } ATQITT, 0] (35¢)
F
Let
ri1 e Fim
R =lr,....ra]l = S (36a)
0 Foum
1 0
Ti=1lt,...tul=| : - (36b)
tml e [mm

From Egs. (33) and (36), it is easily seen that the vectors Qr; and
Qt; can be, respectively, rewritten as

er - ijv Qt] = ij (37)
for j=1,...,m, where
;=
. r,j . yp—1,j T, j
dlag ey sr2Z+1,j’-~-’rm.j
Iy T =T Tau-1,j
(38a)
¥ =
. iy hj Iy-1j Tt
diag Yo s, e estm,j
—hj h;j —hej lu-1,
(38b)

Substituting Eq. (37) into Eq. (35), we get

Vi@ =2 [(RT) Fut. )+ TJRRTTx
=1

+@’TJART'G 11 (. j) + ¢"TJART'RTTATT jx]| (39a)

Ve(x) =2 Z [(TT)TEa(im, j) +TITTTTx

j=1
+q’T]ATTGy (1 :m, j) + q’TJATTT AT x| (39b)

Vh(x) = 22 [(TE) Fu(lim, )+ S]TTTSx

j=1
+q*S]AT Gn(1:m, j) + > S]ATTATS x| (39¢)

Setting V[ f(x) +2g(x) + h(x)] =0, we derive the linear equation
for x

Ax =b (40)

where

A=) (TJR'RTD; 420]T7TT; + 2]TTTS))
j=1

2 TAp-lp-TAT TATTTAT
+¢* Y (CJART'RTTATD; + 20 ATTTATT,
j=1

+Z]AT'TATE)) (41a)

m

b=~ Z [(RiTFj)TFll(is J)+ 2(TFj)TF21(1 im, j)

=1

+(T2) Fn(l:im, ] —q* Y [TTART'GHG, )

j=1
+20JAT Gy (1:m, j) + E]AT Gy (1 :m, j)] (41b)

The steps for solving problem 2 are summarized in the following
algorithm.

Algorithm: The input is M, =M >0, D,= D], K,=K, and
(A, ®) e R"*™ x R"™™ as in Eq. (11). The output is B € R"*",
F=FT, and G=G"eR"*™ so that (B, F, G) solves the op-
timization problem (9) and satisfies Eq. (8) with M, =MaT>0,
D=D,—BFB",and K=K, — BGB'.

1) Compute the QR factorization of @,

R R -1
@:Q 0 E[le QZ] 0 ) S = RAR

2) Compute M, = QTM,Q, and M, = QIM,Q,.

3) Compute W,; and Wy, by Egs. (24) and (25), respectively, and
W =Wy W "

4) Compute the QR factorization of WR™7,

~ T N ~
0,(WR™ ") = [O} , W= Q0,W

5) Compute F;; and Gyj, i, j =1, 2, as in Eq. (31), and compute
rijand t;;, i, j=1,...,m, as in Eq. (36).

6) Solve the linear system Ax = b, where A and b are evaluated by
Eq. (41),in which I'j and X;, j =1, ..., m, are given by Eq. (38).
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7) Construct 2 as in Eq. (16) by x of the form of Eq. (33), and

compute
B=20Q !
o w

F=M;S+SM,+R QR +07D,0,
G=-S"M,S— R TQAR™ + Q0]K, 0,
8) Compute M, =M, D=D, — BFBT,and K =K, — BGB'.

V. Numerical Results

We test examples provided in Ref. 4 using the algorithm to solve
optimization problem (9). Consider an analytical five-degree-of-
freedom system with mass, damping, and stiffness matrices given
by

M, = diag(1,2,5,4,3)

11 =2 0 0 0
4 =35 0 0

D, = 130 -12 0

sym. 135 —4

100 —-20 O 0 0
120 =35 0 0

K, = 80 —12 0

sym. 95 —40

The model used to simulate the consistent experimental data is given
byM,=M,, D,=D,, and

100 =20 O 0 0
120 =35 0 0

K, = 70 —12 0
sym 95 —40
124

Note that the difference between K, and K, is in the (3,3) element.
The eigensolution of the experimental model is used to create the
experimental model data. It is assumed that only the fundamental
mode characteristics are experimentally determined and the only
the second and third components of the eigenvector are measured:

A _p_ [F11e 3,057
TN T 23.057 —1.116
or A =-1116+3.057(1 = v-1) (42a)
T
% " » * 03708 1 * =% @2b
TPl 00048 0 « )

where the x represents the unmeasured components of the eigen-
vector.

Test 1

The undetermined components * in Eq. (42b) are set to zero,* that
is,

43)

0 03708 1 0 0]
0 00048 0 0 0

The algorithm computes matrices B, F', and G with

_|:1.5335 —0.3477 —0.9376 2.3893 01|T

4.1022 —0.9376 0.3477 6.2589 0
—0.4886 0.0068 —12.905 3.1287
| 0.0068 0.0629 |’ | 3.1287 —0.5027
(44)

which solve the optimization problem (9). The resulting corrected fi-
nite element model (M, D, K)= (M, D, — BFBT, K, — BGBT)
satisfies the error bound

|M. @A + DOA + K®|| = 14312x 107" (45)

Test 2
Choose

~10.0828 0.2878 2.0158 0.6993 0.2406 T
* 7 10.0353 03097 2.0114 0.6995 0.2406

as in Ref. 4. Let I1; be the permutation that reorders the measured
components of @, +1¢;; to the top portion of vector, that is,

Ii(p1r +1p1) = |:;1| i| (46)

where u; € C’ is the measured s x 1 eigenvector and f; € C"~* is
the vector of free entries. Here s =2. Compute

Ll = ()\%Ma + )‘-IDa + Ka)7130 (473)

L .
ML, = [Dl} with L, e C** (47b)
1

The best achievable eigenvector, in a least-squares sense, is then
given by

A A v—1 A
991R+180112L1(L1HL1) Lflul (48)

With A = AEZ] and ® =[x, ¢;;], the algorithm computes
B=10""

[—7.7719 —11.826 —95.645 —33.040 —11.373T
X

92.358 —43.399 3.5237 —-2.1419 —-0.6029
F—10-3 —3.5842 —2.7037 —7.7269 4.6082
= X =

—2.7037 —9.8095 |’ 4.6082  0.4854

(49)
which solves optimization problem (9). The resulting cor-
rected damping and stiffness matrices, D =D, — BFBT and
K =K, — BGBT, are given by

1099 —-2.00 0.00 0.00 0.00
14.00 -3.50 0.00 0.00

D = 13.00 —-1.20 0.00
sym. 13.50 —4.00
15.40

99.71 -20.61 —-4.64 —-1.61 —0.55
120.5 —-34.0 038 0.13

K = 72.62 —144 —-0.83
sym 9422 —403
123.9

When the matrix B x B(1 : 2,:)~! is compared with the influence
matrix By x By(1 : 2,:)7!, it has 12 correcting digits. The optimal
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value of optimization problem (9) is 1.8911, and the error bound of
the residual is estimated by

|M, @A + DOA + K|, =9.6988 x 107 (50)

Test 3
Choose

0.0397 03561 32744 04810 0.212777
0 0.0429 0.3635 —0.8633 0.4881 0.2170

as in Ref. 4. We compute a new ¢, +1¢,; by Eqgs. (46—48). With
A= )\[12] and ® = [¢,, ;1. the algorithm computes

B =102

|:—2.6649 —23.283 —91.648 —31.365 —13.904:|T

—6.7395 —57.505 52988 —77.274 —34.332

F 103 2.3941 —12.648 _ [—7.8219 3.1530
N “ | —12.648 —8.0685| 3.1530 0.3358
(5D

The resulting corrected damping and stiffness matrices are given by

11.00 -2.00 0.00 0.00 0.00
13.99 -3.50 -0.01 -0.00

D= 13.01 -1.20 0.00
sym 13.49 —4.00
15.40

100.0 —19.94 —0.05 0.08 0.04
120.5 =355 0.71 0.32

K = 70.46 —12.7 —-0.30
sym 9596 -39.6
124.2

The resulting matrix B x B(1 : 2,:)~! has 12 correcting digits as
does the influence matrix By x By(1 : 2,:)~!. The error bound of
the residual is estimated by

|M.®A* + DOA + K|, =7.4647 x 1077 (52)

The optimal value of optimization problem (9), in a least-squares
sense, is 1.4991 and the value of J, = ||D¥ — D, |3 + ¢%|| K
K ||p is 1.8842, where D™ and K" satisfy the optimal value of

=||D™ — D,|lr +ql| K™ — K,|| r, which are obtained in Ref. 4.

Test 4
In this test, we study the effects of noise on the updating process.
‘We consider to perturb 1) the eigenvalue matrix )\[lzj in Eq. (42a) by

- 4l &
Py B T
: : -n &

with & =rand(1) and n =rand(1), where rand(1) is a randomly gen-
erated number; and 2) the eigenvector matrix @ in Eq. (43) by
® =&+ 10~* x rand(2, 5), where rand(2, 5) is a randomly gener-
ated 2 x 5 matrix. The algorithm is used to solve optimization prob-
lem (9) with 1000 randomly chosen eigenvalue/eigenvector matrices
of cases 1 and 2, respectively. The differences between the resulting
corrected finite element models D, K and ﬁmte element models D

K obtained by test 1 with unperturbed Al and @ are, respectlvely,
presented as follows.

Case 1:

2x10° < ||D-D|p<8x107*

5x 104 < |K—K|r<35%x1073 (53)

Case 2:
2x10° < || D= DJ|lp <9x107°

1072 < |K —Kl|lr <6x 1072 (54)

From inequalities (53) and (54) we observe that for case 1 the or-
der of perturbation between D and D, as well as K and K, is the
same as the order of noise of the eigenvalue matrix A . For case 2,
the orders of perturbation between D and D, as well as K and K,
increase one and two, respectively, provided the noise of the eigen-
vector matrix is perturbed by 107*.

VI. Conclusions

We have developed an efficient algorithm to incorporate the mea-
sured experimental model data into a QEP of an analytical finite
element model so that the corrected finite element model closely
matches the experimental data. The cost function J, of problem (9)
in a least-squares sense is chosen by the penalty function given by
Friswell etal.,'” which s slightly different from J; proposed by Mot-
tershead and Friswell.* Our algorithm is different from the algorithm
developed in Ref. 4, which needs to solve a generalized algebraic
Riccati equation and in which the resulting solutions are necessary
but not sufficient to min{J/,}. The solution for min{./,} computed
by the new proposed algorithm is necessary and sufficient to opti-
mization problem (9), which requires only O(nm?) FLOPS, with m
being the number of experimentally measured modes.
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